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Abstract—Low-cost Inertial Measurement Units (IMUs) are
ubiquitously used in the attitude estimation of cell phones and
robots. Accurate and robust IMU calibration is required to
ensure attitude estimation accuracy. This paper proposes an
accurate and robust equipment-free IMU calibration method. We
do not assume gyroscope biases are invariant during calibration
compared with conventional methods because low-cost IMUs like
MPU6000 have large gyroscope biases instability. We propose
introducing biases removal and outlier-aware optimization to
alleviate the impact of variant gyroscope biases. Furthermore,
we introduce a multi-resolution analysis based static detector to
detect subtle IMU motion in real data collection. Our detector
can detect 84% subtle motions (1-degree rotations) present in
the simulated calibration data while the conventional variance
thresholding detector can only detect 31% of them. In addition,
we derive a proper data collection method to guide the user to
collect data effectively. We benchmark our method with another
existing equipment-free method with synthetic and real datasets.
The results in synthetic datasets show that our method is 25%
more accurate and robust than the existing method. The results
in real datasets vouch that our method achieves an estimation
of IMU intrinsic parameters comparable to the ground truth.
Furthermore, the roll and pitch estimation of MPU6000 using
our calibration method are close to (< 0.15◦ in ±30◦) that of an
expensive factory-calibrated IMU in real testing.

Index Terms—IMU calibration, low-cost IMU, altitude estima-
tion, proper data collection for IMU calibration, static detector,
subtle motion detection.

I. INTRODUCTION

ATtitude estimation for robots, autonomous cars, and cell
phones heavily relies on IMUs. An IMU consists of

accelerometer and gyroscope triads which provide acceleration
and angular velocity data, respectively. Estimation can be read-
ily done by integrating the raw IMU data, but this approach
cannot provide long-term precision and robustness due to IMU
noise and varying bias. Therefore, an IMU is generally coupled
with other sensors like camera [1], LiDAR [2] and GNSS
(Global Navigation Satellite System) in a fusion manner to
give a better attitude and position estimation. No matter which
approach is adopted, systematic errors of IMU, i.e., inaccurate
scale factors, cross-axis sensitivity, and sensor misalignment,
must be compensated to obtain higher estimation accuracy.
The compensation requires these systematic errors to be esti-
mated in advance, called IMU calibration.
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Fig. 1: The general explanation of how our IMU calibration
method works and how its result is applied to IMU data.

Traditionally, IMU calibration is accomplished with a
turntable [3] [4], and this approach has promising accuracy
as the turntable can provide accurate angular velocity mea-
surement of each axis. However, as the turntable is expensive,
the average calibration cost of MEMS IMUs may exceed the
production cost of the sensors. Therefore, IMU calibration
without external equipment or expensive equipment is an
ignited research topic. Tedaldi et al. [5] proposed a robust
and easy-to-use IMU calibration algorithm. Their algorithm
only requires the user to rotate IMU about fifty times and
place IMU firmly with different attitudes after every rotation.
Their algorithm shows a promising calibration accuracy on
Xsens MTi and synthetic datasets. However, in our real
usage, this algorithm performs poorly with a low-cost IMU
such as MPU60001 due to the following problems: a. the
algorithm assumes that gyroscope biases are invariant during
the calibration process but this assumption is violated for the
low-cost IMU; b. the algorithm neglects the outlier residuals in
the optimization, and this degenerates the calibration accuracy.
Furthermore, the static detector of the algorithm does not work
properly when the IMU is not placed firmly: slipping can
occur and lead to a very subtle and undetectable change in the
measurement. Besides, this algorithm does not imply a clear

1MPU6000 is a type of consumer-grade IMU produced by InvenSense
company, and it only costs a few dollars. One can refer to [6] for the definition
of ”consumer-grade IMU”.
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Fig. 2: The pipeline of our IMU calibration method. θa and θg

denote accelerometer and gyroscope parameters respectively
and θ̂(·) denotes the estimation of the parameters of (·). The
two steps doing gyroscope parameters estimation are labeled
with numbers 1 and 2 and the corresponding estimation results
are also labeled with numbers 1 and 2.

way to collect IMU data. To resolve the problems above, we
propose a new calibration method. Its general explanation and
detailed pipeline are shown in Fig. 1 and Fig. 2 respectively.

The main contributions of this paper are:
1. Effective altitude sequence for data collection. Though

some literatures [7] [8] [9] [10] [11] [12] [13] mention the
IMU data collection methods or rules but they do not provide
the corresponding explanation. We derive a useful altitude
sequence mathematically for IMU data collection to keep user
from introducing ill-condition data to calibration;

2. Multi-resolution analysis (MRA) based static detector.
Keeping the IMU static in the data collection procedure is
not always achieved perfectly in practice. Handshaking when
holding IMU or platform slipping when placing the IMU
platform to the wall occurs occasionally. We propose to detect
these subtle IMU motions via an MRA-based static detector;

3. Biases removal & Outlier-aware optimization.
Equipment-free IMU calibration generally assumes gyroscope
biases are invariant during calibration. However, low-cost
IMUs like MPU6000, having large bias instability, do not
conform to this assumption. We propose to remove local biases
from moving period data using adjacent static data. However,
this method is imperfect, and subsequent optimization will
be impacted by biases approximation error. Resultant outlier
constraints needed to reject, and we propose outlier-aware
optimization for that.

We use both the synthetic and real datasets to validate our
method’s precision, robustness, and effectiveness.

The rest of this paper is organized as follows. A literature
review of relevant works is presented in Subsection I-A.
The background formulation of the IMU calibration method
without equipment is illustrated in Section II. The problems

mentioned earlier are analyzed, and the corresponding so-
lutions are illustrated in Section III. Experiments and the
comparison against an existing algorithm are conducted in
Section IV. Finally, a conclusion is drawn in Section V.

A. Related Works

Lotters et al. [14] firstly propose a method to calibrate
the accelerometer without external equipment. Their algorithm
is based on the fact that the correct magnitude of static
acceleration measurement is equal to that of earth gravity.
They succeed in calibrating the biases and scale factors of the
accelerometer. Subsequently, Syed et al. [7] and Skog & Peter
[15] extend the work of Lotters et al. to also consider bias and
scale factors of gyroscope and the sensor frame misalignment
against platform frame where they exploit different representa-
tions. However, their algorithms require a single-axis turntable
for gyroscope calibration. Fong et al. [13] propose a method
to get rid of the single-axis turntable for gyroscope calibration
and achieve the first complete version of IMU calibration
without external equipment. They exploit the idea that, after a
rotation of IMU, the current gravity vector transformed from
the last measured static gravity vector using the integrated
angular velocity measurement should be equal to the current
measured static gravity vector. Li et al. [9] leverage a loose-
coupled Inertial Navigation System integrated Kalman filter
with fake measurement (invariant position and zero velocity)
to calibrate IMU intrinsic parameters. Cheuk et al. [10] extend
the work of Fong et al. [13] to a calibration method for
the MIMU (IMU encapsulated with a magnetometer). Tedaldi
et al. [5] extend the work of Fong et al. [13] and make it
tuning-free, more robust, and precise. They decrease static
region duration and increase the number of static regions for
robustness. They also introduce an effective static detector and
exploit the 4th-order Runge-Kutta integration to increase the
calibration accuracy. This work is the closest one to ours.
Our work introduces many adaptations on [5] to achieve more
robust and accurate IMU calibration, especially when dealing
with an extremely low-cost IMU.

Methods mentioned in the last paragraph are about
equipment-free calibration (also called self calibration or in-
filed calibration in some literature) methods. Besides, IMU cal-
ibration with a reference platform angular velocity/orientation
estimated with low-cost external equipment is a useful method
to get rid of an expensive turntable. Fresk et al. [16] use a
low-cost stepper motor to provide reference orientation for
IMU calibration. Kim et al. [17] employ three static cameras
to track the LEDs mounted on the moving IMU to estimate
angular velocity for IMU calibration. Hwangbo et al. [18]
propose to mount a camera with a moving IMU, estimate
the Homography matrices between consecutive poses using
feature correspondence. Then, they use the factorization tech-
nique to find the correct poses for IMU calibration. Compared
with [18], Rehder et al. [19] employ direct visual tracking
method for Homography estimation. In addition, recent years
have witnessed a blooming development of IMU calibration
with LiDAR-IMU localization systems. A LiDAR can provide
precise depth information while a camera cannot, leading to
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the precision advantage of LiDAR-based methods. There exist
algorithms with a 2D (two-dimensional) LiDAR [20] and a
3D LiDAR [21] [22] [23]. These works are different from
our work because they require external equipment. Though
the equipment (e.g. camera, LiDAR, and stepper motor) are
not as expensive as a turntable, their cost is still relatively
high. System setup and sensor synchronization errors may
introduce unexpected systematic errors to the IMU calibration.
Furthermore, a tedious setup procedure is required. These are
the inherent drawbacks that our work or an equipment-free
method does not have.

II. SENSOR MODEL AND CALIBRATION FRAMEWORK

TABLE I: Notations.

Symbols Meaning

BF Ideal IMU orthogonal body frame.
AOF, AF Ideal, real accelerometer orthogonal frame.
GOF, GF Ideal, real gyroscope orthogonal frame.

a Accelerometer measurement [ax, ay , az ]⊤.
ω Gyroscope measurement [ωx, ωy , ωz ]⊤.

sB , sS Sensor measurement in BF, sensor frame.
aB ,aS Accelerometer measurement in BF, AF.
ωB ,ωS Gyroscope measurement in BF, GF.
aO,ωO Calibrated aS ,ωS , in BF.
θa,θg Accelerometer, gyroscope parameters.

Ideally, the accelerometers triad and the gyroscope triad are
orthogonal 3D frames, and they overlap with each other. How-
ever, in the real production process, they are not orthogonal
3D frames and do not overlap due to assembly inaccuracy.
The resultant errors are cross-axis sensitivity and sensor axes
misalignment, respectively. Also, due to imperfect embedded
ADC (Analog to Digital Converter), the accelerometer and
gyroscope measurements are not exactly equal to the ground
truth, and scale factors should be multiplied with the mea-
surements. Besides, the measurements are always influenced
by non-zero and varying biases.

We define the ideal accelerometer orthogonal frame and
gyroscope orthogonal frame as AOF and GOF, and the real
accelerometer frame and gyroscope frame as AF and GF for
simplicity. A sensor model of IMU is formulated with the
following convention (see [15], [5] and [24]): The x axes of
AOF and AF overlap and the y axis of AOF lies on the plane
spanned by the x axis and y axis of AF.

Furthermore, we need to define the IMU’s orthogonal body
frame (BF). The measurements from AF and GF are trans-
formed into BF after error compensation. The axes of AF
and GF deviate from those of BF by small angles, and the
transformation is defined as (see derivation in [25]):

sB = TsS , T =

 1 βyz βzy
βxz 1 βzx
βxy βyx 1

 (1)

where sB and sS are denoted in Tab. I, T denotes the
transformation from sS to sB , and βij the specific rotation
of the i axis around the j axis.

We assume that the BF coincides with the AOF. The trans-
formation from AF to BF can be simplified to the following
form:

aB = T aaS , T a =

1 αyz αzy

0 1 αzx

0 0 1

 (2)

where T a denotes the transformation from aS to aB , and
αij the specific rotation of the i axis around the j axis. In
terms of the gyroscope part, the transformation is shown in
the following without any simplification:

ωB = T gωS , T g =

 1 γyz γzy
γxz 1 γzx
γxy γyx 1

 (3)

where T g denotes the transformation from ωS to ωB , and
γij the specific rotation of the i axis around the j axis. Scale
factors can be modeled as the following:

Ka =

sax 0 0
0 say 0
0 0 saz

 , Kg =

sgx 0 0
0 sgy 0
0 0 sgz

 (4)

where Ka denotes accelerometer scaling matrix and Kg

denotes gyroscope scaling matrix. Biases for accelerometer
and gyroscope can be modeled as the following:

ba = [bax, b
a
y, b

a
z ]

⊤ , bg = [bgx, b
g
y, b

g
z]

⊤ (5)

Then the complete sensor models for accelerometer and
gyroscope are listed as the following respectively:

aO = T aKa(aS + ba + νa) (6)

ωO = T gKg(ωS + bg + νg) (7)

where νa denotes accelerometer measurement noise and
νg denotes gyroscope measurement noise. Both noises con-
form to a zero-mean Gaussian distribution generally, and
they are not the constants to calibrate. The parameters
that need to be calibrated for accelerometer are θa =
[αyz, αzy, αzx, s

a
x, s

a
y, s

a
z , b

a
x, b

a
y, b

a
z ]

⊤.
Based on the fact that the magnitude of static accelerometer

measurement must be equal to that of the local gravity
vector, the cost function of accelerometer calibration can be
formulated as follows:

L(θa) =

M∑
k=1

(rk(θ
a))2 (8)

rk(θ
a) = ||g||2 − ||T aKa(aS

k + ba + νa)||2 (9)

where k is the index of static interval in the calibration, M
is the number of static intervals, ||g|| is the actual magnitude
of the local gravity vector. ||g|| can be estimated using the
following equation according to international gravity formula
1980 [26] and the free air correction term w.r.t. height:

||g|| = 9.780327

(
1 + 0.0053024 sin2 ϕ−
0.0000058 sin2 2ϕ

)
− 0.000003086h

where ϕ denotes the local latitude and h denotes the local
height.

This article has been accepted for publication in IEEE Transactions on Instrumentation and Measurement. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TIM.2023.3234081

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Hong Kong University of Science and Technology. Downloaded on January 05,2023 at 08:08:47 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTIONS ON INSTRUMENTATION AND MEASUREMENT 4

The biases of the accelerometer triad can be treated as
constants w.r.t the couple minutes taken for the calibration
because the accelerometer biases instability (at 1e-4 level
according to Allan variance test) are negligible compared with
the biases (at 1e-1 level). However, the biases of the gyroscope
triad cannot be treated as constants because any subtle bias
variation causes a fatal error during integrating gyroscope
data in optimization. Therefore, biases of accelerometer are
included in θa and those of gyroscope are not included in θg .
The parameters that need to be calibrated for gyroscope are
θg = [γyz, γzy, γxz, γzx, γxy, γyx, s

g
x, s

g
y, s

g
z]

⊤.
Based on the fact that the static gravity vector must be

equal to a rotation matrix (from gyroscope measurement)
multiplying the static gravity vector prior to rotation, the cost
function of gyroscope calibration can be formulated as the
following under the assumption that accelerometer is well-
calibrated:

L(θg) =

M∑
k=2

(rk(θ
g))2 (10)

rk(θ
g) = ||ua,k −∆R(k−1)k · ua,k−1||

= ||ua,k −RI(T gKg(ωS
k−1,k + bg + νg)) · ua,k−1||

(11)

where RI denotes the 4th-order Runge-Kutta integration on
the angular velocities within the moving interval between
the k − 1-th and k-th static intervals, and we would like to
refer the reader to [5] for the detailed implementation of RI .
ua,k ∈ IR3×1 and ua,k−1 ∈ IR3×1 are the calibrated gravity
vectors of the k−1-th and k-th static intervals. The noise term
νg is a random value that conforms to a zero-mean Gaussian
distribution.

In summary, the calibration is done by non-linear mini-
mization on the Eq. 8 and Eq. 10 with Levenberg-Marquardt
algorithm for θa and θg .

Remark 1: The reason for not using a Kalman filter to do
online IMU calibration is that, for a 6-axis IMU, gyroscope
parameters are not completely observable. The accelerometer
measurement is not equal to the gravity vector all the time
as there exists acceleration motion. Varying accelerometer
measurement direction leads to many degenerated cases of
the gyroscope parameters estimation. Our method employs
a static detector to explicitly detect the static regions of the
accelerometer measurement, and uses acceleration direction
invariance to estimate gyroscope parameters in an optimization
framework. For a 9-axis IMU (MIMU), gyroscope parameters
are completely observable because the magnetic direction is
ideally invariant during data collection. In a Kalman filter,
magnetic direction invariance can be used as the constraint
for gyroscope parameters convergence, but magnetometer cal-
ibration and magnetic disturbance compensation are required,
which are out of the scope of this paper.

Remark 2: Compared with recent calibration methods using
a 3D LiDAR, this paper’s calibration framework has an
advantage in computational complexity. For example, Lv et al.
[23] method’s computational complexity is O(IS+IJ+IK),
where I , S, J , and K denote iteration, state, scan point,
and surfel numbers, respectively. State includes the IMU

6D trajectory, IMU parameters, and so on. Our method’s
computational complexity is O(IP + IQ), where I denotes
optimization iteration number, P static accelerometer data size
for residual computation in accelerometer calibration, and Q
moving gyroscope data size for Runge-Kutta integration in
gyroscope calibration. Assuming both IMU data numbers are
the same, O(IP + IQ) < O(IS) < O(IS + IJ + IK).

III. PROPOSED METHOD

The work by Tedaldi et al. [5] shows a promising calibra-
tion accuracy on the real Xsens MTi and synthetic dataset.
However, in our real usage, this algorithm performs poorly
with a low-cost IMU such as MPU6000. We propose some
adaptations to tackle the present problems of their work. The
pipeline of our method is shown in Fig. 2.

In the rest of this section, we will illustrate our contri-
butions: effective data collection method, more robust static
detector, local bias removal, and outliner-aware optimization
scheme.

A. Effective Data Collection Method

Regarding the approach to collecting data for calibration, the
work of Tedaldi et al. [5] requires the user to alter the pose
of the IMU arbitrarily about forty to fifty times. However, it
is not easy for the user to collect data properly. Collecting
proper IMU data to constrain eighteen IMU parameters in the
optimization is the key to calibrating IMU. Here is a counter-
example: if one axis of the IMU keeps pointing downwards
during data collection, the collected accelerometer data will
be centering on that axis, and optimization will be in an ill
condition. In this case, we will see that the initial loss function
L(θa) is not equal to zero and decreases after optimization,
but the result is not reliable. Mathematically, the majority of
the Jacobian values of it w.r.t. θa (Ja) are zeros.

A useful method to detect this kind of problematic case
is to compute the Jacobian values at the initial point of
optimization, i.e., θa

0 = [0, 0, 0, 1, 1, 1, 0, 0, 0]⊤ and θg
0 =

[0, 0, 0, 0, 0, 0, 1, 1, 1]⊤ and check if any of Jacobian values
is zero. A Jacobian value at the initial point being zero
only happens under two situations: the initial point is exactly
the optimal point, or the collected data do not provide any
constraint for the parameter. The former situation is unlikely to
happen in nature, and we shall avoid the latter case. Therefore,
the collected data must satisfy the constraint: Jacobian values
at the initial point are non-zero, i.e., J |θ0 ̸= 0.

In the rest of this subsection, we will derive this inequation
J |θ0

̸= 0 into inequations of Jacobians w.r.t. each parameter.
This can help us understand the relationship between data and
the parameters, and find out the appropriate way to collect
data. To avoid the ambiguity in the rest of this paper, we
claim here that: (⃗·) denotes the vector form of (·); (⃗·) ̸= 0,
pounced as “(⃗·) fully not equal to zero vector”, means every
element of the vector is not zero; (⃗·) ̸= 0, pounced as “(⃗·)
partially not equal to zero vector”, means some elements of
the vector are not zero; cols(·) represents the column vector
of a matrix (·); cols(·)[i] means the i-th column vector of a
matrix (·).
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The Jacobian of loss function w.r.t. θa is:

Ja =
∂L(θa)

∂θa =

∂

M∑
k=1

(rk(θ
a))2

∂θa =
∂r(θa)⊤r(θa)

∂θa

=
∂r(θa)⊤r(θa)

∂r(θa)
· ∂r(θ

a)

∂θa = 2r(θa) · ∂r(θ
a)

∂θa (12)

where Ja ∈ IR1×9, r(θa) = [r1, · · · , rk, · · · , rM ] ∈ IR1×M,
rk denotes rk(θa) (see Eq. 9), and ∂r(θa)

∂θa ∈ IRM×9. There-
fore, Ja|θa

0
̸= 01×9

=> r(θa)|θa
0
· ∂r(θ

a)

∂θa |θa
0
̸= 01×9 (13)

r(θa)|θa
0
̸= 01×M due to imperfection of IMU assembling

=> cols(
∂r(θa)

∂θa |θa
0
) ̸= 0M×1 (14)

=>


cols(∂r(θ

a)
∂θa |θa

0
)[1] ̸= 0M×1

· · ·
cols(∂r(θ

a)
∂θa |θa

0
)[9] ̸= 0M×1

(15)

For the first parameter αyz , the inequation
cols(∂r(θ

a)
∂θa |θa

0
)[1] ̸= 0M×1 is equivalent to:

[
∂r1
∂αyz

, · · · , ∂rk
∂αyz

, · · · , ∂rM
∂αyz

]⊤ ̸= 0M×1 (16)

|| ∂rk
∂αyz

|θa
0
|| = ||axay||√

a2x + a2y + a2z

= ||axay|| · ζ ̸= 0 (17)

where ζ = 1√
a2
x+a2

y+a2
z

> 0 and k = 1, 2, · · · ,M
Collecting data point at the lines (x = ±y, z = 0) is a good

choice as it maximizes ||axay||. In practice, there are M static
regions, and we just need to make sure one of them makes
αyz optimizable or observable.

For the rest accelerometer parameters αzy , αzx, sax, say ,
saz , bax, bay and baz , the corresponding symbolic inequations
deducted from Eq. 15 are: ||axaz|| · ζ ̸= 0, ||ayaz|| · ζ ̸=
0, ||ax|| · ζ ̸= 0, ||ay|| · ζ ̸= 0, ||az|| · ζ ̸= 0, ||ax|| · ζ ̸=
0, ||ay|| · ζ ̸= 0, ||az|| · ζ ̸= 0 respectively.

To ensure that these inequations are satisfied, we need to
keep the gravity vector lying on the x, y, and z axes and the
diagonal lines (x = ±y, z = 0), (y = ±z, x = 0) and (x =
±z, y = 0) during static regions. The collected accelerometer
data points will be similar to the distribution shown in Fig. 3.
The altitude sequences applied to IMU are shown in No. 1∼23
in Fig. 4. Our way to collect accelerometer data for calibration
is the same as [10], but they do not explain why.

Similarly, we can do the same analysis for gyroscope cali-
bration. We assume the accelerometer is perfectly calibrated,
removing the accelerometer parameters from the gyroscope
part of the analysis. Note that we employ the pre-integration
representation introduced in the work by Forster et.al. [27] as
the rotation integration representation in the following analysis
instead of RI for simplicity, even though we tend to use the
latter in practice.

The pre-integration representation [27] is: ∆R(k−1)k
.
=

∆R̃(k−1)kexp((−δϕ)∧) where ∆R(k−1)k denotes rotation

Fig. 3: The distribution of optimal accelerometer data points.
The distribution plots are unit-free and plotted from different
view angles.

between the k-1-th and k-th static regions, ∆R̃(k−1)k de-
notes noise-free rotation, δϕ denotes gyroscope measure-
ment noise, and ∧ denotes skew symmetric matrix operation.
We first assume noise is negligible. The bias bg within a
single short-time moving region is approximately constant
and can be estimated from adjacent static data region (dis-
cussed in Subsection III-C), then ∆R(k−1)k = ∆R̃(k−1)k =∏k

i=k−1 exp([ω̃i∆t]
∧), where ωi is the bias-removed gyro-

scope measurement at the i-th frame.
The Jacobian of loss function w.r.t. θg is:

Jg =
∂L(θg)

∂θg =
∂r(θg)⊤r(θg)

∂θg = 2r(θg) · ∂r(θ
g)

∂θg (18)

where Jg ∈ IR1×9, r(θg) = [r2, · · · , rk, · · · , rM ]
∈ IR1×(M−1), rk denotes rk(θ

g) ∈ IR (see Eq. 11), and
∂r(θg)
∂θg ∈ IR(M−1)×9. Therefore, Jg|θg

0
̸= 01×9

=> r(θg)|θg
0
· ∂r(θ

g)

∂θg |θg
0
̸= 01×9 (19)

r(θg)|θg
0
̸= 01×(M−1) due to imperfection of IMU assembling

=> cols(
∂r(θg)

∂θg |θg
0
) ̸= 0(M−1)×1 (20)

=>


cols(∂r(θ

g)
∂θg |θg

0
)[1] ̸= 0(M−1)×1

· · ·
cols(∂r(θ

a)
∂θg |θg

0
)[9] ̸= 0(M−1)×1

(21)

For the first parameter γyz , the inequation:
cols(∂r(θ

g)
∂θg |θg

0
)[1] ̸= 0(M−1)×1 is equivalent to

[
∂r2
∂γyz

, · · · , ∂rk
∂γyz

, · · · , ∂rM
∂γyz

]⊤|θg
0
̸= 0(M−1)×1 (22)
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This inequation is satisfied as long as one of the Jacobian is
not zero, i.e.,

∂rk(γyz)

∂γyz
=
∂||ua,k −∆Rk−1,kua,k−1||

∂γyz
̸= 0 (23)

Let f(γyz) = ∆R(k−1)k · ua,k−1

∂rk(γyz)

∂γyz
=
∂rk(f(γyz))

∂f(γyz)
· ∂f(γyz)

∂γyz
(24)

=
(ua,k −∆R(k−1)kua,k−1)

⊤

||ua,k −∆R(k−1)kua,k−1||
· ∂f(γyz)

∂γyz
(25)

Let ∆uk = ua,k −R(k−1)kua,k−1 and ∆uk =
∆u⊤

k

||∆uk||

∂rk(γyz)

∂γyz
= ∆uk · ∂f(γyz)

∂γyz
(26)

Denote the elements of ∆uk as [∆axk,∆ayk,∆azk].
f(γyz) = ∆R(k−1)k · ua,k−1 can be extended to be
(
∏k

i=k−1 exp([ω̃i∆t]
∧))ua,k−1. Here we treat the rotation

from the k − 1-th to k-th keyframe as a single rotation with
uniform angular velocity speed ωk within a unit time, and
thus f(γyz) = exp([ωk]

∧)ua,k−1 ≈ (I + [ωk]
∧)ua,k−1. This

assumption simplifies the following derivation without the loss
of generality for the analysis.

At the initial point θg
0,

∂rk(γyz)

∂γyz
|θg

0
= ∆uk · ∂exp([ωk]

∧) · ua,k−1

∂γyz
|θg

0
(27)

= [∆axk,∆ayk,∆azk] ·

 0
−ωykaz(k−1)

ωykay(k−1)

 (28)

=> ωyk(∆azkay(k−1) −∆aykaz(k−1)) ̸= 0 (29)

This inequation is satisfied when the following cases do not
occur: 1. ωyk = 0, i.e., no rotation along y axis; 2. az(k−1) = 0
& ay(k−1) = 0, i.e., x axis pointing downwards or upwards
prior to rotation; 3. altitude holding unchanged, i.e., ∆ayk = 0
& ∆azk = 0; 4. y axis towards horizon during rotation, i.e.,
∆ayk = 0 & ayk = 0; 5. z axis towards horizon during
rotation, i.e., ∆azk = 0 & azk = 0; 6. gravity vector on
the plane y = z, i.e., ∆azkay(k−1) = ∆aykaz(k−1). Rotation
actions along the y axis (e.g. No. 9∼16 in Fig. 4) avoid all
the aforementioned cases except the case 4. To satisfy cases 4
and 5 concurrently, we need to rotate along not only y axis but
also x or z axis. For example, the altitude sequences from No.
1∼9 and 23∼25 in Fig. 4 can accomplish that. In summary,
we need to make sure one of the M-1 rotation actions satisfies
the inequation to let γyz optimizeable or observable.

For the rest gyroscope parameters γzy , γxz , γzx, γxy ,
γyx, sgx, sgy and sgz , the corresponding symbolic inequations
deducted from Eq. 21 are shown in follows respectively:

ωzk(∆azkay(k−1) −∆aykaz(k−1)) ̸= 0

ωxk(∆axkaz(k−1) −∆azkax(k−1)) ̸= 0

ωzk(∆axkaz(k−1) −∆azkax(k−1)) ̸= 0

ωxk(∆aykax(k−1) −∆axkay(k−1)) ̸= 0

ωyk(∆aykax(k−1) −∆axkay(k−1)) ̸= 0

ωxk(∆azkay(k−1) −∆aykaz(k−1)) ̸= 0

ωyk(∆axkaz(k−1) −∆azkax(k−1)) ̸= 0

ωzk(∆aykax(k−1) −∆axkay(k−1)) ̸= 0

(30)

.
We do not expand the analysis for the rest parameters

here for limited space but summarize the deducted complete
altitude sequences as Fig. 4. In practice, the user is not able to
and not expected to precisely achieve these altitudes. The user
needs to collect N (N>3) sets of complete data and average
the calibration results for the final result. Flat altitudes like
No. 1 can be easily achieved by placing the IMU base or box
on the ground. The 45◦ altitudes like No. 2 can be achieved
by inserting the downward corner of the IMU base or box into
the gap of two piles of books with equal heights.

B. Robust Static Detector

A static detector is critical for calibration as a wrong
classification of static and motion regions severely degenerates
the calibration accuracy. Based on our test result shown in
Subsection IV-D, local-variance-based detector [5] performs
poorly on the data with unobservable slipping, which is caused
by unsteady placement in practice. We propose to use multi-
resolution analysis (MRA) with a wavelet filter to detect static
regions from different resolutions. The idea is that MRA
allows us to check how similar the details embedded in the
current signal segment and those in the static signal are at
different scales.

Fig. 4: Altitude sequence desired for IMU calibration. The
indices underneath IMU boxes are the order indices. The same
index means the same altitude viewed from different angles.
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MRA is a technique to represent a signal as a composition
of details at different levels and the approximation of the signal
[28]:

f(x) =

∞∑
k

α̂0kφ0k(x) +

L∑
j=0

∞∑
k

β̂jkψjk(x) (31)

where f(x) denotes a discrete signal, k the shifting along the
signal, j the level of MRA, L the maximum level, φ0k(x)
the father function of MRA, ψjk(x) the mother function of
MRA, α̂0k the estimated approximation at level = 0 and β̂jk
the estimated detail at each level.

Algorithm 1: MRA-Based Static Detector
1 INPUT: data D1×M , level L, scalar S, SDV R1×L

2 OUTPUT: static flag flag1×M

3 ap(L+1) ← D;
4 for l← L to 0 by −1 do
5 [apl, del]←HaarDec(ap(l+1));
6 for i← 1 to size(del) by 2l do
7 DV Rl{i : i+ 2l} ← max(del{i : i+ 2l})−

min(del{i : i+ 2l});
8 fl{i : i+ 2l} ← DV R1{i : i+ 2l} ≤ S × SDV Rl;
9 end

10 end
11 fL:0 ←Upsampling(fL:0);
12 flag ← fL&fL−1& · · ·&f0;
13 —————————————————————————
14 Function HaarDec(ap(l+1))
15 for i← 2 to M by 2 do
16 apl{i/2} ← (ap(l+1){i}+ ap(l+1){i− 1})/2
17 del{i/2} ← (ap(l+1){i} − ap(l+1){i− 1})/2
18 end
19 return apl, del;
20 end

We choose the Haar wavelet as it performs well in our
practical usage and it is the most computationally efficient
among all different varieties of Daubechies wavelets family.
Correspondingly, the basis father function of the Haar wavelet

Fig. 5: The static detectors’ performance of our work and that
of Tedaldi et al.’s work against subtle IMU motion scenario.
The black line showing high and low magnitudes means that
our detector gives ’yes’ and ’no’ results. Yellow lines show
the results of Tedaldi et al.’s detector similarly. We can see a
subtle IMU motion according to the jump of the blue curve.

is ψ(x) =


1 0 ≤ x < 0.5

−1 0.5 ≤ x < 1

0 otherwise
and its orthogonal mother

function is α(x) =

{
1 0 ≤ x < 1

0 otherwise
.

We can distinguish the static region present in a signal using
an MRA-based static detector. The pseudo-code is illustrated
in Algorithm 1. In detail, based on the fact that different levels
of details of a static signal conform to zero-mean Gaussian
distribution with constant variances, we can first collect a set
of static measurements to calculate static detail varying ranges
at different levels. Then, we compare them with the detail
varying ranges of a signal to check if the signal is at a static
status.

First, we need to extract some prior information on the static
data in the initialization phase. The length of the initialization
period Tinit is estimated from Allan variance analysis as
illustrated in [5]. After collecting Tinit data, we extract the
details at each level using MRA (see lines 3 to 5 in Algorithm
1). Then, we calculate the varying ranges of details (see line 7).
For six-dimensional IMU data, we need to calculate six static
details varying range vectors. Each dimension’s range vector
includes all L levels’ ranges. Static details varying ranges are
extracted as the prior information for static detection and we
denote them as SDV R6×L.

By comparing the details varying ranges of an IMU signal
(e.g., ax) with corresponding static values (scaled by S, 1.5 by
default) (see line 8), we can get the signal’s static flag vector.
Generally, a single static flag vector is sufficient for static
detection, but aggregating all six flag vectors in a “&” manner
will be more robust. In terms of other details of Algorithm
1, the reason for doing up-sampling at line 11 is that Haar
decomposition inherently includes a down-sampling operation
by two. We need padding values so that the size of the static
flag vector at each level is equal to the input data size.

The performance of our detector and that of [5] is compared
with an example shown in Fig. 5. The figure shows that our
detector can correctly detect the subtle motion within a static
region while the other cannot.

C. Local Gyroscope Bias Removal

The inaccurate bias estimation is a devastating problem in
gyroscope calibration for a low-cost IMU like MPU6000. Most
of the literature [5] [10] [15] explicitly assume gyroscope
biases are constant during calibration and just apply a simple
deduction by the initial biases of the gyroscope data. However,
this does not work for a low-cost IMU like MPU6000. We
propose to use the means of data in adjacent static regions to
handle this problem:

bg(k−1)k = η · bgk−1 + (1− η) · bgk (32)

where bg(k−1)k denotes the biases term of the region between
the k − 1-th and k-th static regions, bgk−1 and bgk denote the
biases of the k− 1-th and k-th static regions respectively, and
η = Tk−1

Tk−1+Tk
, Tk−1 and Tk denote the duration of the k−1-th

and k-th static regions respectively.
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This method cannot estimate local biases perfectly. The
error introduced by this method can be estimated as the follow-
ing: ε∆R

k =
∏k

i=k−1 exp([(b
g
i − bg(k−1)k)∆t]

∧)exp((−δϕ)∧).
However, when the duration of rotation T(k−1)k is small,
ε∆R
k will be negligible compared to

∏k
i=k−1 exp([ω̃i∆t]

∧). A
typically small T(k−1)k is less than 3 seconds in our hands-on
experience, and a rotation can be completed within 3 seconds
generally. In case ε∆R is not negligible sometimes, we adopt
the idea of sample consensus from RANSAC algorithm [29]
to filter out these ε∆R during optimization, which will be
discussed in next subsection.

D. Outlier-aware Optimization Scheme

Algorithm 2: Sample Consensus Optimization
1 INPUT: calibrated gravity vectors U = [ua,1, · · · , ua,M ],

biases-removed gyroscope measurement ω̃, tolerance ρ
2 OUTPUT: θg

opt

3 r⃗|θg0 ← ComputeResiduals(U , ω̃);
4 [r⃗|θgsc , θ

g
sc]← Optimization(U , ω̃);

5 U ′ ← RemoveConsensusObjector(r⃗|θg0 , [r⃗|θgsc , ρ, U );
6 [r⃗|θgopt , θ

g
opt]← Optimization(U ′, ω̃);

7 if(
∑

r⃗|θgopt >
∑

r⃗|θgsc ) θgopt ← θgsc;

Due to the imperfect estimation of the time-varying ac-
celerometer and gyroscope biases, some of the moving regions
do not agree with the consensus result supported by the rest of
the moving regions in the gyroscope calibration, which means
that their residuals will unexpectedly increase after optimiza-
tion: ∆r(θg) = r|θg

sc
− r|θg

0
> 0 where r|θg

sc
and r|θg

0
are the

residuals after and before optimization of a moving region. We
call these regions consensus objectors. We propose to remove
these consensus objectors after the initial optimization and use
the rest of the moving regions to do the optimization again to
get a finer result. The corresponding pseudo-code is shown in
Algorithm 2. In practice, adding a small positive tolerance ρ
makes this algorithm more robust against the integration error
caused by IMU noise and numerical inaccuracy:

∆r(θg) = r|θg
sc
− r|θg

0
> ρ | ρ ∈ IR+ (33)

Besides, we need to avoid ill-condition case after some
data regions being removed by checking Jg|θg

0
̸= 01×9 (see

Subsection III-A). The ρ can be determined by integrating
multiple seconds of IMU random rotation data with roughly
equal initial and ending poses. We can attach the IMU base to
a wall corner at the beginning and end of the rotation. The ρ
value represents an error level that is not needed to estimate
accurately.

IV. EXPERIMENTS

We demonstrate the accuracy and robustness of our method
with synthetic data and real data, and we validate the effective-
ness of our calibration method on altitude estimation. Firstly,
We build a simulation to generate synthetic data and the
corresponding ground-truth IMU parameters θagt and θggt. With
θagt and θggt, we can easily judge how precise and how robust

our method is. Then, we use an MPU6000 IMU module 2. It is
calibrated with a turntable and the obtained calibration result
will be treated as the ground truth to evaluate our method.
At last, we employ the Mahony altitude estimation algorithm
to do roll and pitch estimation for both uncalibrated and
calibrated IMU to prove the effectiveness of our calibration
method. The utilized experimental device is shown in Fig. 6.

Fig. 6: The device for gathering data for experimental studies.

A. Synthetic Data

In the simulation, we first generate noise-free and error-free
IMU data. We first initialize the quaternion and accelerometer
measurement of the virtual IMU and then design a set of
angular velocity data of its gyroscope triad so that the resultant
orientation is the same as Fig. 4. Subsequently, we add IMU
systemic error to clean data aOsynth and ωO

synth to get noise-
free virtual data:

aSsynth = (T aKa)−1aOsynth + bainitial (34)

ωS
synth = (T gKg)−1ωO

synth + bginitial (35)

Also, we add noise and time-variant bias to both gyro-
scope and accelerometer to mimic extremely low-cost IMU
characteristics2. We first generate 40 sets of θagt and θggt
(i.e., 40 different IMUs), and then generate 30 sets of data
for each set of θagt and θggt. In total, 1200 sets of data
are generated. We evaluate our method with two metrics:
MAE1200 (mean absolute error among estimation results
of 1200 datasets, i.e., 1

1200

∑1200
i=1 ||θgt(i) − θest(i)||) and

MSD40 (mean standard deviation of calibration results of 40
different IMUs, i.e., 1

40

∑40
j=1

√
1
30

∑30
i=1(θgt(i)− µ)2 where

µ = 1
30

∑30
i=1 θgt(i)). MAE1200 can indicate method’s pre-

cision and MSD40 can indicate the method’s robustness of
the method. We also blend 3 subtle slipping regions with the
static regions in each set of data. The slipping is equivalent to
applying an average 1 degree rotation (within 1-second) along

2We use Allan Variance method to validate MPU6000’s specification:
gyroscope noise angular random walk = 18◦/

√
hr/

√
hz, gyroscope bias

instability = 100◦/hr, accelerometer velocity random walk = 0.4mg/
√
hz,

and accelerometer bias instability = 0.25mg. These terms are used
to generate synthetic IMU data in the experiment. Note that, these
terms are not specified on the IMU dataset: https://invensense.tdk.com/wp-
content/uploads/2015/02/MPU-6000-Datasheet1.pdf
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some axes of the gyroscope onto the synthetic data of some
static regions.

Using the same optimization options and local gravity
magnitude, we experiment to compare the performance of our
method and that of [5]. The result is shown in Fig. 8. It shows
that both methods have almost the same performance on ac-
celerometer calibration; our method outperforms their method
on gyroscope calibration by about 25% smaller MAE1200
and MSD40. In other words, our method gives a 25% preciser
and more robust estimation result than theirs.

In addition, Fig. 8 shows that the estimation of accelerome-
ter biases by both methods is less precise and reliable than the
estimation of the other parameters, which is caused by large
accelerometer bias instability in the setting.

Fig. 7: Mean absolute error comparison between our method
and the method by Tedaldi et al. in a synthetic dataset.
This figure shows that our method has a significantly smaller
estimation error in gyroscope calibration.

Fig. 8: Mean standard deviation comparison between our
method and the method by Tedaldi et al. in a synthetic dataset.
This figure shows that our method has a significantly smaller
estimation variance in gyroscope calibration.

B. Real Data

We use an MPU6000 module as our experimental plat-
form. A company helps us calibrate the module with their
turntable, and we obtain a set of factory-calibrated param-
eters that can be regarded as the ground truth. However,
our misalignment matrices align AF and GF to AOF, while
the turntable calibration result aligns AF and GF to BF.
Therefore, we need to transform our misalignment matrices
(T a and T g) into the form that can be comparable with
the factory calibrated result: T a

cpar = (RxzRxyRyzT
a)−1

and T g
cpar = (RxzRxyRyzT

g)−1 where Rxz , Rxy and
Ryz are estimated from the lower triangular part of the
misalignment matrix of the turntable calibration result3. The
provided turntable calibration results are in the form of the
multiplication of misalignment matrix and scaling matrix. The
complete comparable matrices for accelerometer and gyro-
scope are Aa

cpar = T a
cpar(K

a)−1 and Ag
cpar = T g

cpar(K
g)−1.

Using the same optimization options and local gravity
magnitude, we experiment to compare the performance of
our method and that of [5]. For both methods, ten sets of
real data are collected with the altitude sequence shown in
Fig. 4, and then ten sets of calibration results are averaged
to get the final results. According to Tab. II, both methods
can provide accelerometer parameters estimation results close
to the ground truth. However, according to Tab. III, our
method outperforms their method in terms of the accuracy
of gyroscope estimation because five out of nine terms of our
estimation are closer to the ground truth, while the rest are
equivalent to those of their result. Furthermore, Tab. IV shows
that our method displays more robust calibration performance
as seven out of nine terms outperform their method in terms
of the standard deviation of the result.

TABLE II: Accelerometer calibration result comparison
(ground truth/ours/Tedaldi et al.’s). Both methods give equiv-
alent results close to the ground truth.

1.002/1.0019/1.0018 -0.010/-0.0100/-0.0101 -0.022/-0.0223/-0.0224
0.010/0.0097/0.0097 1.001/1.0013/1.0013 -0.014/-0.0143/-0.0145
0.020/0.0201/0.0201 0.010/0.0098/0.0098 1.014/1.0135/1.0136

TABLE III: Gyroscope calibration result comparison (ground
truth/ours/Tedaldi et al.’s). The bold is closer to the ground
truth with three significant decimal places.

0.995/0.9942/0.9918 -0.009/-0.0085/-0.0073 -0.023/-0.0225/-0.0230
0.012/0.0120/0.0115 1.001/1.0008/1.0011 -0.010/-0.0101/-0.0106
0.017/0.0171/0.0169 0.010/0.0070/0.0043 1.002/1.0017/1.0026

TABLE IV: The standard deviation of gyroscope calibration
results (ground truth/ours/Tedaldi et al.’s). The bold is better.

0.0017/0.0141 0.0024/0.0040 0.0026/0.0041
0.0024/0.0033 0.0021/0.0065 0.0014/0.0018
0.0042/0.0031 0.0038/0.0028 0.0018/0.0072

3One can refer to the ”obtainComparableMatrix.m” file of the source coude
of [5] and the literature [15] .
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Fig. 9: Roll and pitch estimation comparison between the cases
with and without our calibration method. The values after red
text “calib:” and blue text “uncal:” correspond to calibrated
and uncalibrated pitch estimation errors respectively.

C. Calibration Improvement On Altitude Estimation

In addition to accuracy and robustness, we need to prove
the effectiveness of our calibration method. We employ the
Mahony altitude estimation algorithm [30] to do roll and
pitch estimation for both uncalibrated and calibrated IMU for
comparison. We do not use yaw estimation for the comparison.
An attitude and heading reference system like [30] can only
provide robust roll and pitch estimation for a six degrees of
freedom IMU.

We use an expensive and factory-calibrated IMU module,
3DM-GX3-254, to output its roll and pitch estimation as the
reference of our experiment. Then, we mount our MPU6000
module with 3DM-GX3-25 to make two IMU coordinate
frames coincide. In the experiment, we gradually lift one
end of the modules to rotate them along the x and y axes,
respectively. After each lifting, we keep them static for dozens
of seconds so that we can do averaging on the static data to
alleviate noise influence. The result is displayed in Fig. 9. The
experiment result shows that our calibration can effectively
enhance the roll and pitch estimation as the estimation errors
of calibrated IMU data are significantly smaller than those of
uncalibrated data when the IMU modules are tilted.

We also verify the effectiveness of our calibration method in
the simulation with ground truth. One of 40 simulated IMUs

4It has an embedded low-pass filter for online data-preprocessing. More
details can be found on http://files.microstrain.com/3DM-GX3-25-Attitude-
Heading-Reference-System-Data-Sheet.pdf
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Fig. 10: Roll and pitch estimation comparison in simulation for
the cases with our calibration, with Tedaldi et al.’s calibration
and without calibration.

(see Subsection IV-A) is employed to generate a roll and pitch
variation dataset. The roll and pitch estimation of our and
Tedaldi et al.’s calibration methods and uncalibrated raw data
are displayed in Fig. 10. The comparison results show that
both methods can improve roll and pitch estimation effectively.
Both methods have equivalent roll and pitch estimation accu-
racy because their accelerometer calibration results are very
close.

However, two methods perform differently in yaw estima-
tion. We use the simulated IMU to generate a set of rotation
data (rotate four times, each 180◦) along the z-axis pointing
downward. Yaw estimation is obtained by integrating the
gyroscope data using the 4th-order Runge-Kutta. The yaw
estimation error are displayed in Fig. 11. It is seen that Tedaldi
et al.’s yaw estimation error increases about three times faster
than ours.

D. Static Detector Performance Comparison

We conduct this experiment to compare the performance of
our MRA-based, and local-variance-based detector [5] static
detector in slipping motion cases. In Subsection IV-A, we
generate 1200 sets of synthetic data with blended slipping
regions, which can be directly used for this experiment.
It is worth mentioning again that each data set has three
slipping regions, and each slipping motion averages a 1-
degree rotation within 1 second. For each slipping region,
if a detector gives a negative result (i.e., non-static), its hit
number counter increments by 1. The maximum hit number
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Fig. 11: Yaw estimation comparison in simulation for the cases
with our calibration and with Tedaldi et al.’s calibration.

for a single set of data is 3. Hit numbers of all sets are
recorded and displayed with a box plot shown in Fig. 12,
where we can see that the medians of ours and Tedaldi et al.’s
hit numbers are 3 and 1, respectively. Besides, we compare
their hit ratio (total hit number/total number of slipping motion
regions). Ours and Tedaldi et al.’s hit ratios are calculated as
3042/3600 = 0.84 and 1120/3600 = 0.31 respectively. By
comparing the detector’s performance with the box plot and
hit ratios, we show that our detector performs more robustly
against subtle slipping motions.

Ours Tedaldi et al.[5]
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Fig. 12: The hit numbers of ours and Tedaldi et al.’s static
detectors against the subtle motions present in the simulation.

V. CONCLUSION

This paper presents a precise, robust, and effective
equipment-free IMU calibration algorithm. The pipeline of the
proposed calibration algorithm is straightforward to accom-
plish by one without prior knowledge of IMU calibration. We
derive an appropriate way to collect data for calibration so
that users can avoid introducing harmful ill-condition data for
calibration. Our method is validated with both real IMU data
generated by MPU6000 and synthetic data. The experiment
result vouches that our method estimates IMU parameters
comparable to the ground truth and outperforms a represen-
tative equipment-free IMU calibration algorithm in terms of
robustness and preciseness. Furthermore, after calibration, the
roll and pitch estimation of MPU6000 are close to (< 0.15◦

in ±30◦) that of an expensive factory-calibrated IMU. Our
method makes the yaw estimation error increases significantly

slower than the error of another existing method. Besides, our
detector can detect 84% subtle motion present in the simulated
calibration data while the conventional variance thresholding
detector can only detect 31% of them.

Our method also has some drawbacks that need to be
improved in the future. Firstly, a 3-axis magnetometer gen-
erally comes with an IMU, and our method cannot employ
its measurement. Potential future work is to employ magnetic
direction invariance as the constraint to estimate gyroscope
parameters in a Kalman filter framework. This method can
enhance the gyroscope accuracy and simplify the data col-
lection process. Secondly, the IMU bias variation caused by
temperature change is not considered in the methodology
and experiment. In practice, temperature variation significantly
impacts calibration accuracy. Future work will introduce tem-
perature compensation to the IMU calibration to eliminate the
temperature influence on calibration.
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