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Abstract—Mode reversal is an advanced technique that
can effectively improve the performance of the Coriolis
vibratory gyros (CVGs). In this article, we propose and
demonstrate a modified mode reversal scheme to reduce
the measurement dead zone limitations of state-of-the-art
mode switching in CVGs. The dynamic model and working
principle of the mode reversal gyro are first reviewed. Theo-
retical analysis and experimental verification are conducted
to describe nonlinearity, mode coupling, and time-varying
characteristics. A reversal scheme based on iterative learn-
ing control (ILC) is then presented. The experimental re-
sults showed 145% improvement in reversal speed and 90%
reduction in overshoot when compared to other popular
controllers and robustness to environmental variations.

Index Terms—Coriolis vibratory gyroscopes (CVGs),
hemispherical resonator gyroscopes (HRGs), inertial sen-
sors, MEMS gyroscopes, mode reversal gyroscopes.

I. INTRODUCTION

CORIOLIS vibratory gyroscopes (CVGs) are inertial sen-
sors broadly applied in applications such as automobiles,

game controllers, smartphones, radio-controlled hobby vehicles,
industrial robotics, and camera image stabilization systems [1],
[2]. The Segway human transporter control system was stabi-
lized by a set of CVGs. CVGs are mainly divided into microelec-
tromechanical systems (MEMS) gyroscopes and hemispherical
resonant gyroscopes (HRGs), but all share the same fundamental
operation principle based on the Coriolis effect for angular
rate measurements. Comparing the two types, the former has
the advantages of smaller size, lower cost, and lower power
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consumption [3], [4], while the latter has a higher quality factor
and measurement accuracy [5].

However, CVGs suffer from the famous bias instability prob-
lem, which is induced by inherent manufacturing inaccuracies
as well as environmental influences [6], [7]. Bias instability is
the core performance index of gyroscopes, which reflects the
stability of the bias in a period of time through the Allan variance.
Many works toward this fatal issue have been presented and
demonstrated. Methods to enhance robustness and scale factor
include vacuum packages, improved manufacturing process,
special mechanical materials, and electronics calibration meth-
ods [8], [9]. The mode reversal operation scheme is an advanced
solution that can effectively improve the bias instability. The
principle of mode reversal is to periodically switch between
the two gyroscopic modes to maintain the symmetry of the
mechanical part [10], [11].

As a tradeoff, there would be a measurement dead zone during
switching processes to interfere the normal operation. Therefore,
two gyros [12], or even four gyros [13], have been proposed to
operate in a time division manner. A continuous mode reversal
scheme has also been demonstrated [14], [15], but it did not
reveal any results of improved bias instability [16]. Obviously,
these methods indirectly avoid the hazards caused by the dead
zone time of mode reversal gyro, but there is no improvement
from the intrinsic mechanism of CVG. As a result, increasing
mode switching speeds to solve dead zone problems is a critical
and pressing task.

To the best of our knowledge, the topic of fast switching
has not yet been paid enough attention to. Nevertheless, some
indirect approaches are available since the switching process
can be divided into ring up and ring down processes. As for
the ring up function, the previous works resorted to analog
demodulation and very high voltage driven solutions for gyro
fast start-up, which not only come with a side effect of ad-
ditional measurement noise, but also may increase the design
complexity [17]–[19]. From the arithmetic aspect, most ring up
and down functions only employ PI or linear output feedback
controllers [8], [20], whereas advanced control methodologies
have not been fully investigated for these applications.

Considering that mode reversal principle demands the ring
up and down functions in a periodical pattern, the drive mode
and the sense mode of the CVGs are required to be repeated
alternately. It can therefore be formulated into a repetitive tra-
jectory control problem [21]. Furthermore, the mode reversal
as a discontinuous batch process has the characteristics of same
initial states, and there is a certain time interval between two con-
secutive switchings. As a two-degree-of-freedom highly coupled
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Fig. 1. Physical dynamics model of CVGs are equivalent to a two-degree-of-freedom lumped parameter system in Cartesian coordinates. (a) Ideal
conditions. (b) Nonideal conditions. (c) Working principle of the mode reversal scheme.

resonator system, the internal mechanism of gyro is relatively
complex to be obtained accurately. Therefore, iterative learning
control (ILC) is a powerful approach [22]. This work analyzes
the inherent characteristics of mode reversal and proposes an
ultrafast switching control solution based on ILC. The contribu-
tions of this article are summarized as follows:

1) The physical model of CVG mode reversal task is for-
mulated to show the issue of dead zone caused by slow
switching speed. The theoretical and experimental anal-
ysis demonstrate that nonlinearity, cross coupling terms,
and time-varying effects are preventing CVGs from a fast
switching manner.

2) A novel iterative learning scheme for mode reversal
gyroscopes is proposed to achieve ultra-fast switching
function to reduce the dead zone problem. The ILC
control law, that can adjust the causal and noncausal
control effect, is shown to be robust to nonlinearity, cross
coupling and time-varying. Based on this, the iterative
learning controllers of the two gyro modes are designed
to deal with the challenge of fatal problems.

3) The effectiveness and reliability of the proposed scheme
are implemented and experimentally verified with an
MEMS gyro. The switching time can reach a state-of-
the-art level that less than 200 ms and is well maintained
during the long-term evaluation to prove its robustness.

The remainder of this article presents the details.

II. WORKING PRINCIPLE FOR MODE REVERSAL

A. Dynamics Modeling

Generally, CVGs are equivalent to physical models of res-
onators for analysis as shown in Fig. 1(a). By applying an alter-
nating electrostatic force to the x mode, the resonator vibrates
continuously around the resonant frequency of the x mode. In
this case, the signal output by the x mode is regarded as the
drive signal. This actuation process, also known as gyro start
up, is defined as the ring up function. At this time, the Coriolis
inertial force forms an alternating couple of forces acting on the
y mode. The vibration amplitude of the y mode is proportional
to the Coriolis inertial force. This sense signal from y mode is
proportional to the angular velocity of the carrier in the vertical
direction.

The above case is one of the two mode reversal working
frames, i.e., x is the drive mode and y is the sense mode.

Likewise, the second working frame of mode reversal is the
opposite, i.e., x is the sense mode and y is the drive mode. The
dynamics of the CVGs for both two modes are constructed as
illustrated in Fig. 1(b), that can be written as

ẍ+ dxẋ+ kxx+ dyxẏ + kyxy = Fx − 2λΩz ẏ

ÿ + dy ẏ + kyy + dxyẋ+ kxyx = Fy + 2λΩzẋ (1)

where x and y are the displacement of the gyro mass in the
two directions. Components of dx and dy denote the damper
coefficients of the two vibrating modes. Terms of kx and ky are
the spring coefficients of the two modes. The resonant frequen-
cies related to spring coefficients of the two modes are defined
as ωx =

√
kx/m and ωy =

√
ky/m. For the coupling terms,

kxy and kyx are the stiffness coupling coefficients between
each vibrating modes, dxy and dyx are the damper coupling
coefficients. Terms of 2mΩz ẏ and 2mΩzẋ are the Coriolis effect
induced components. Fx and Fy are defined as the alternating
electrostatic drive force that can be written as

Fx =
Sε0εrV

2
x

2m(x− x0)2

Fy =
Sε0εrV

2
y

2m(y − y0)2
(2)

where S is the area of the capacitor plate, m represents the
effective mass of the mass, ε0 and εr represent the vacuum
permittivity coefficient and the permittivity dielectric coeffi-
cient, respectively. Components of x0 and y0 denote the initial
capacitance channel width. Components of Vx and Vy are the
electrostatic voltages of the two modes. The ring up and down
functions of the x mode are time-multiplexed on Vx. The same
is true for the y mode.

B. Principle of Mode Reversal

The alternating switching of the first and second working
frames is the basic working principle of the advanced mode re-
versal gyro technology. As shown in Fig. 1(c), the mode reversal
gyro uses a phase-locked loop (PLL) to generate the resonant
frequencies for the ring up and ring down function. In the first
working frame, the ring up function transmits an electrostatic
force to the x mode to drive the gyroscopic vibration, and the
ring down function transmits an electrostatic force to the y mode
for suppressing operation. In this case, the x mode outputs
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the drive detection signal, and the y mode outputs the sense
detection signal. When the mode switch starts, the gyro system
enters the dead zone state, and the angular rate signal cannot
be sensed at this time. The end of the switch means the end of
the dead zone, and the system then enters the second working
frame, which is completely opposite to the first frame. During
the whole process, the electrostatic tuning technology uses the
spring softening effect to adjust the stiffness mismatch (kx and
ky) induced frequency split and stiffness coupling (kxy and kyx)
induced quadrature errors.

When gyro works in the first frame, y is much smaller than
x, so it is assumed that the Coriolis force term of the x mode
2λΩz ẏ is zero. The Laplace transform method is utilized to solve
the dynamic model [6]. By implementing an I/Q demodulation,
the extracted in-phase signal including angular rate information
still contains the in-phase error, which is the so-called bias
error expressed in the time-domain expression of the y mode
as follows:

y(t) =
QxF0

mω2
x

(2λΩz + ρxy) sin (ωxt)√
(2Δω)2 + (ωy/Qy)

2
(3)

where the mode split is defined as the difference between two
resonance frequencies, i.e., Δω = ωx − ωy . After the gyro is
reversed once, the gyro system enters the second working frame.
The time-domain expression of the x mode can be written as

x(t) =
QyF0

mω2
y

(−2λΩz + ρyx) sin (ωyt)√
(2Δω)2 + (ωx/Qx)

2
. (4)

Under the condition of mode matching, i.e., Δω = ωx −
ωy = 0, by detecting the signals on the two axes and making
the difference, we can get

y(t)− x(t) =
QxQyF0

mω3
(4λΩz) sin (ωt) (5)

which indicates the bias error source cancellation and dou-
bles the scale factor. However, the results in (5) are obtained
with time-sharing driving. Although mode reversal has such
excellent advantages, its dead zone issue described in Fig. 1(c)
still limits its development. Obviously, improving the transient
performance of the ring up and ring down function to reduce the
dead time can significantly improve the dynamic characteristics
of the mode reversal gyroscope, which is an urgent problem to
be solved.

III. MODE REVERSAL SYSTEM CHARACTERIZATION

A. Major Challenges to Fast Reversal

As a high-end system, there are serious issues to achieve an
ultrahigh-speed mode reversal gyro.

1) Nonlinearity: When the applied alternating electrostatic
force continues to increase, the response of the gyro is not linear.
The reason is due to the nonlinearity of electrostatic force that is
described in (2). This problem results in a limited performance of
the ring up and ring down function during switching transients,
which exacerbates the dead zone issue.

Fig. 2. Amplitude-frequency characteristic curve of the CVG by fre-
quency sweeping technology. When the alternating excitation force am-
plitude is set to 100 mv, the response curve is basically in the linear
region. When the amplitude increases to 300 mv, the gyro exhibits
strong nonlinearity.

2) Mode Coupling: The electrostatic tuning technology can
guarantee the steady-state coupling error suppression effect.
Under the condition of mode reversal, however, terms of x and
y are constantly changing. As a result, the coupling situation
between them also changes accordingly, which makes the effect
of tuning technology impaired. This leads to the problem of
uncertain mode cross coupling during switching transients.

3) Time-Varying: In our previous work [5], [8], we analyzed
the environment-induced time-varying characteristics of the
CVGs, which is due to thermal effects caused by molecular
thermal motion in the Coriolis gyroscope. For the control al-
gorithm, the tracking effect may be different at different times
during the long-term operation, which undoubtedly challenges
the traditional feedback control algorithm.

B. Hardware Configuration

To evaluate the above-mentioned problems, we developed
high-speed interface circuits for MEMS gyroscopes to realize
the measurement and control system. The field programmable
gate array (FPGA) can achieve high-speed I/Q demodulation
to obtain in-phase and quadrature-phase baseband signals. The
ARM core interconnected with the FPGA is designed to process
the control algorithm at the baseband level.

C. Model Characteristics of the Plant

We experimentally verified the theoretical analysis from the
three aspects with MEMS gyros in the same batch, pointing out
the characteristics and difficulties of the plants.

1) Strong Nonlinearity: In order to verify the nonlinearity, we
used a gyro to implement a frequency sweeping experiment, the
result is shown in Fig. 2. Due to the drift of the resonance point,
the normalized σ frequency is used to represent the results.

The results show that as the electrostatic driving force con-
tinues to increase, the response amplitude does not increase
linearly. Meanwhile, the shape of the resonance peak changes
obviously owing to what is described in (2). This is due to
the nonlinear relationship between the voltage signal output by
the ring up function and the electrostatic force signal actually
received by the gyro.
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Fig. 3. Frequency sweeping results with quadrature tuning turned ON.
When the driving force of the x mode is set to 10, 100, and 300 mv
(left), the y mode (blue) is detected with varying degrees of coupling
amplitude; when driving the y mode (right), the x mode (orange) also
has a coupled signal.

2) Mode Coupling: To evaluate such issues of CVGs, we
conducted a series of frequency sweeping experiments as shown
in Fig. 3. The sweep technique can be regarded as an open-loop
ring up function for multiple frequency points.

After implementing electrostatic tuning, the coupling problem
in the case of a 10 mv drive signal is significantly improved.
However, as the driving signal continues to increase, the effect
of tuning technology is no longer obvious, causing the coupling
problem to become more serious. Specifically, terms of kxy ,
kyx, dxy , dyx form destructive disturbances in a cross-coupled
manner during transients. At the moment of switching, the
intensity of the electrostatic force is highly amplified due to
the rapid response of the ring up function. That is, mode re-
versal gyroscopes suffer from repeatable cross coupling at each
switching dead zone.

3) Time-Varying Characteristics: In order to intuitively re-
flect the long-term changes, the data of the controller are col-
lected with the mode reversal. From the start of power on for
10 min, the frequencies are collected every 30 min, and the
average values of steady-state data of each period are shown in
Fig. 4(a). Similarly, the steady-state average results of ring up
and ring down functions are illustrated in Fig. 4(b).

As shown in Fig. 4(a), the change in kx and ky causes the
frequencies to drift in a small range. The 10× error bar shows
that the frequency difference is only a small change of about
0.2 Hz. This indicates that the frequencies do not have large
transients during the switching dead zone. Fig. 4(b) presents
the steady-state amplitude time-varying problem. This is due
to the thermal drift of dx and dy . It can be seen that the
dynamics of the gyro after entering the steady state are relatively
insignificant.

IV. ITERATIVE LEARNING SYSTEM DESIGN

A. Novel Iterative Learning Law

Herein, we adopt the idea of iterative learning to solve the
three key problems of the mode reversal gyro, and thus introduce
the concept of iteration domain. Compared to feedback control
in the time domain, ILC learns previous control information to
form a feedforward signal for this iteration. Thus it achieves the
capability of model-less control by accomplishing closed-loop
feedback in the iteration domain.

Fig. 4. Gyro system exhibits strong time-varying characteristics under
long-term mode reversal operation. (a) Resonant frequency changes of
the x mode (orange) and the y mode (blue) are basically the same.
(b) After entering the steady state, the control inputs of the x mode
(orange) and the y mode (blue) fluctuate within a certain range.

In order to solve the nonlinearity and coupling problems
of the reversal dead zone, in addition to causal control, non-
causal control must be introduced to compensate for repetitive
switching disturbances in advance. The proportional-differential
(PD)-type ILC has the ability to meet the above two control
needs. However, the differential term suffers from measurement
noise, making its performance limited in practical applications.

To this end, this article proposes a novel sampled-data current-
future (CF)-type ILC control law based on previous iteration er-
rors. The approach can achieve noncausal control while avoiding
the use of differentiation of errors. Robustness to time-varying
problems is also a feature of this method. Importantly, the di-
mension of the learning step can be adjusted through the sample
period Δt, which is suitable for the algorithm implementation
in the actual noncausal control processor. The novel ILC law for
gyro mode reversal is proposed as

uk(nΔt) = uk−1(nΔt)

+Kfek−1((n+ 1)Δt) +Kcek−1(nΔt) (6)

where Δt denotes the sampling period that satisfies nΔt ≤
t < (n+ 1)Δt, n = 0, 1, 2, . . . , N and N is the gyro baseband
signal sampling point withNΔt = T , where T is the gyro mode
reversal period; k = 0, 1, 2, . . . ,K denote the iteration number;
Kf and Kc are the learning parameters;uk and e are the control
input and error, which are defined in detail later. In the following
analysis, nΔt is abbreviated as n for convenience.

B. Convergence Analysis

Theorem 1: If the proposed control law (6) that applied in a
CVG satisfies the following conditions.
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(C1) The learning parameter Kf is properly tuned such that

sup
k

max
n∈{0,1,...,N}

∥∥∥∥I −KfC

∫ n+1

n

fu (xk(τ),ψk(τ)) dτ

∥∥∥∥
≤ ρ < 1 (7)

where ψk(t) ∈ [uk(t),ud,k(t)] and 0 < ρ < 1. Other sym-
bols are defined later.

(C2) The sampling period Δt, the learning parameter Kc and
the mode reversal period T is small enough.

Then one can guarantee that the tracking error ek(n) of the
iterative learning mode reversal gyro converges to a bound.

Remark 1: The concept of being small enough is relative.
The learning sampling period Δt is small enough relative to the
gyro switching settling time tst, which needs to be adjusted to the
millisecond level. The mode reversal period T is small enough
with respect to the time-varying of the gyro parameters, which
is recommended on the order of seconds. The tuning guideline
presents the details.

Proof: During one vibration period, the slowly varying pa-
rameters relative to the high frequency oscillatory signal are
considered to be constant [23]. Perturbation methods are often
utilized to reduce the order of the CVG model to obtain a first-
order system at the baseband signal level. Therefore, consider a
nonlinear order-reduced CVG system from (1) as{

ẋk(t) = f (xk(t),uk(t)) +wk,d(t) +wk,r(t)
yk(t) = Cxk(t) + vk(t)

(8)

where yk(t) ∈ R4, uk(t) ∈ R4 and xk(t) ∈ R4 are the base-
band output, baseband input and state of the reduced-order
two gyro modes with in-phase and quadrature-phase, respec-
tively; t ∈ [0, T ]; wk,d(t) ∈ R4 is non-repetitive disturbance,
and wk,r(t) ∈ R4 is repetitive interference caused by gyro
cross-coupling; vk(t) ∈ R4 denotes the mechanical and circuit
measurement noise bounded to βv;C ∈ R4×4 is the gyro output
transduction gain; f(·) : R8 → R4 is an unknown gyro nonlin-
ear function, which contains electrostatic drive nonlinearities.
Terms of fx(·) and fu(·) are defined as the partial derivatives
with state and control input, respectively.

Remark 2: The time t is defined within the interval of the
mode reversal period T . The latter is suggested to be tuned
to be small enough, which is needed to solve the time-varying
problem. This is to allow the ILC to track the time-varying gyro
parameters in f(·), which does not require an accurate model
and identification of f(·).

Remark 3: Disturbances are classified as nonrepetitive
wk,d(t) and repetitive wk,r(t) according to the control task
of repetitive mode reversal. The former corresponds to exter-
nal unexpected disturbances, and the latter is caused by gyro
cross-coupling. If these two are reasonable and bounded, the
subsequent process proves that the control law in (6) is robust
to it.

Remark 4: The perturbation method averages the gyro dy-
namics in (1), reducing it to a first-order nonlinear model in (8).
The theoretical premise of this process is that the in-phase and
quadrature-phase of the high-frequency vibration signal x and y

relative to the baseband signal yk(t) is usually many orders of
magnitude higher, so yk(t) can be considered constant within a
vibration period.

The control objective is to let the error ek(t) � yd,k(t)−
yk(t) converge with the continuous iteration, thereby op-
timizing the key problem of the mode reversal gyroscope.
Herein, the λ-norm of Π(n) is defined as ‖Π(n)‖λ =
maxn∈{0,...,N} e−λn‖Π(n)‖, where λ denotes a positive constant
large enough.

Define a desired control input ud,k(t) that can generate the
desired output trajectory yd,k(t) as

{
ẋd,k(t) = f (xd,k(t),ud,k(t))
yd,k(t) = Cxd,k(t)

. (9)

Although the gyro parameters are time-varying, they are
always bounded within a reasonable range. The key effect
of the time-varying problem on ILC is to change the ini-
tial error. The initial errors and the iteration control in-
put varying are bounded, i.e., supk ‖xd,k(0)− xk(0)‖ ≤
βδx0 , supk maxt∈[0,T ] ‖Δud,k(t)‖ ≤ βΔud

where �ud,k(t) �
ud,k(t)− ud,k−1(t). Assuming that the CVG system is locally
Lipschitz continuous, that is

‖f (Gd,k(t))− f (Gk(t))‖ ≤ L(Zk(t)) ‖Gd,k(t)− Gk(t)‖
(10)

where Gk(t) � [xk(t), uk(t)],Gd,k(t) � [xd,k(t),ud,k(t)],
L(Zk(t)) is a Lipschitz-like function depending on Zk(t) =
θGd,k(t) + (1 − θ)Gk(t), θ ∈ [0, 1]; L(Zk(t)) follows:

L(Zk(t)) ≤ φ(t)α(‖Zk(t)‖) + σ(t) (11)

where α(·) : [0,∞) → [0,∞) is an unknown strictly increasing
function; φ(t) ∈ [0, bφ] and σ(t) ∈ [0, bσ] are finite with each
mode reversal period; Zk(t) is bounded to β̄Z such that [24]

max
k∈{0,...,K}

max
t∈[0,T ]

|L (Zk(t))|

≤ max
k∈{0,...,K}

max
t∈[0,T ]

[φ(t)α (‖Zk(t)‖) + σ(t)]

≤ bφα
(
β̄Z

)
+ bσ � β̄L. (12)

According to the differential mean value theorem (10) and
(12), one can obtain

‖f (xd,k(t),ud,k(t))− f (xk(t),uk(t))‖
= ‖fx (ξk(t),ud,k(t)) δxk(t) + fu (xk(t),ψk(t)) δuk(t)‖
=
∥∥[fx (ξk(t),ud,k(t)) , fu (xk(t),ψk(t))](Gd,k(t)− Gk(t))

�∥∥
≤‖[fx (ξk(t),ud,k(t)) , fu (xk(t),ψk(t))]‖ ‖Gd,k(t)− Gk(t)‖
≤ β̄L ‖Gd,k(t)− Gk(t)‖ (13)

where δuk(t) � ud,k(t)− uk(t), ξk(t) ∈ [xk(t),xd,k(t)],
ψk(t) ∈ [uk(t),ud,k(t)]. That is

max
k∈{0,...,K}

max
t∈[0,T ]

‖fx (ξk(t),ud,k(t))‖ ≤ β̄L

max
k∈{0,...,K}

max
t∈[0,T ]

‖fu (xk(t),ψk(t))‖ ≤ β̄L. (14)
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The state error δxk(t) � xd,k(t)− xk(t). Thereafter, since
the gyro processor system updates once every Δt, i.e., uk(t) =
uk(n) for t ∈ [nΔt, (n+ 1)Δt), one has

‖δuk(t)‖ = ‖ud,k(t)− ud,k(n) + ud,k(n)− uk(t)‖
= ‖ud,k(t)− ud,k(n) + ud,k(n)− uk(n)‖
≤ βũ + ‖δuk(n)‖ (15)

where βũ = supk maxn∈{0,1,...,N} ‖ud,k(t)− ud,k(n)‖. Since
the time t is included between two samples of the gyro pro-
cessing system, one has xk(t) = xk(n) +

∫ t

n ẋk(τ)dτ . Then
from [25], one can obtain

‖δxk(t)‖ ≤ Ξ̄1 ‖δxk(n)‖+ Γ̄(Δt) ‖δuk(n)‖
+ Γ̄(Δt)

(
βũ + βw/β̄L

)
(16)

where Ξ̄1 = eβ̄LΔt > 1, Γ̄(Δt) = eβ̄LΔtβ̄LΔt, and

‖δxk(n)‖ ≤ Ξ̄N
1 βδx0 + Γ̄(Δt)

n−1∑
j−0

Ξ̄n−1−j
1 ‖δuk(j)‖

+
Ξ̄N

1 − 1
Ξ̄1 − 1

Γ̄(Δt)
(
βũ + βw/β̄L

)
(17)

where βw is the bound of generalized disturbancewk(t) acting
on order-reduced CVG dynamics, which can be considered as
wk(t) = wk,n(t) +wk,r(t).

According to (8) and (9), one has

Kfek(n+ 1) +Kcek(n)

= KfC (xd,k(n)− xk(n))−Kfvk(n+ 1)

+KcC (xd,k(n)− xk(n))−Kcvk(n)

+KfC

∫ n+1

n

(ẋd,k(τ)− ẋk(τ)) dτ

= KfC

∫ n+1

n

fu (xk(τ),ψk(τ)) δuk(τ)dτ + Bk(n)

(18)

where

Bk(n)=KfC

∫ n+1

n

(fx(ξk(τ),ud,k(τ))δxk(τ)−wk(τ))dτ

+KfCδxk(n)−Kfvk(n+ 1)

+KcCδxk(n)−Kcvk(n). (19)

Then we have

‖Bk(n)‖

≤ Kf‖C‖
∫ n+1

n

‖fx (ξk(τ),ud,k(τ))‖ ‖δxk(τ)‖ dτ

+(Kf+Kc)‖C‖ ‖δxk(n)‖+Kf‖C‖Δtβw+(Kf+Kc)βv

≤ Kf β̄L‖C‖
∫ n+1

n

‖δxk(τ)‖ dτ + (Kf +Kc)‖C‖ ‖δxk(n)‖

+Kf‖C‖Δtβw + (Kf +Kc)βv. (20)

Substituting (16) into (20) yields

‖Bk(n)‖

≤ β̄LKf‖C‖
∫ n+1

n

(
Ξ̄1 ‖δxk(n)‖+ Γ̄(Δt) ‖δuk(n)‖

+Γ̄(Δt)
(
βũ + βw/β̄L

))
dτ

+(Kf +Kc)‖C‖ ‖δxk(n)‖+Kf‖C‖Δtβw+(Kf+Kc)βv

=
(
Kf β̄LΞ̄1Δt+Kf +Kc

) ‖C‖ ‖δxk(n)‖
+Kf β̄LΓ̄(Δt)Δt‖C‖ ‖δuk(n)‖+Kf‖C‖Δtβw

+Kf β̄L

(
βũ + βw/β̄L

)
Γ̄(Δt)Δt‖C‖+ (Kf +Kc)βv.

(21)

According to (6), (15), and (18), one has

δuk+1(n) = δuk(n)−KfC

×
∫ n+1

n

fu(xk(τ),ψk(τ))(ud,k(τ)−ud,k(n)+δuk(n))dτ

− Bk(n) + Δud,k+1(n)

=

[
I −KfC

∫ n+1

n

fu (xk(τ),ψk(τ)) dτ

]
δuk(n)

−KfC

∫ n+1

n

fu (xk(τ),ψk(τ)) (ud,k(τ)− ud,k(n)) dτ

− Bk(n) +�ud,k+1(n). (22)

Take the norm of (22) as

‖δuk+1(n)‖ ≤
∥∥∥∥I −KfC

∫ n+1

n

fu (xk(τ),

ψk(τ)) dτ‖ ‖δuk(n)‖
+Kf β̄LβũΔt‖C‖+ ‖Bk(n)‖+ β�ud

. (23)

Substituting (17) and (21) into (23) yields

‖δuk+1(n)‖ ≤ ρ ‖δuk(n)‖+Kf β̄LβũΔt‖C‖
+
[
Kf β̄LΞ̄1Δt+Kf+Kc

]‖C‖ ‖δxk(n)‖
+Kf β̄LΓ̄(Δt)Δt‖C‖ ‖δuk(n)‖+Kf‖C‖Δtβw

+(Kf+Kc)βv +Kf β̄L

(
βũ + βw/β̄L

)
× Γ̄(Δt)Δt‖C‖+ β�ud

≤ ρ̄1 ‖δuk(n)‖+ Ξ̄2

n−1∑
j=0

Ξ̄n−1−j
1 ‖δuk(j)‖+ Ξ̄3

(24)
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where

ρ̄1 = ρ+Kf β̄L‖C‖Γ̄(Δt)Δt

Ξ̄2 =
[
Kf‖C‖β̄LΞ̄1Δt+Kf‖C‖+Kc‖C‖] Γ̄(Δt)

Ξ̄3 = Kf‖C‖β̄LΔt
[
βũ +

(
βũ + βw/β̄L

)
Γ̄(Δt)

]
+
[
Kf‖C‖β̄LΞ̄1Δt+Kf‖C‖+Kc‖C‖]

×
[(
βũ + βw/β̄L

)
Γ̄(Δt)

Ξ̄N
1 − 1
Ξ̄1 − 1

+ ΞN
1 βδx0

]

+Kf‖C‖Δtβw + (Kf +Kc)βv + βΔud
. (25)

If Δt is small enough, since ρ < 1 according to condition C1,
one has ρ̄1 < 1. Following the technical procedure in [24], one
can obtain supk maxt∈[0,T ] ‖Zk(t)‖ ≤ bZ , βL = bφα(bZ) +

bσ ,Γ(Δt) = eβLΔtβLΔt, and the iterative learning mode rever-
sal convergence based on conditions C1 and C2 is as follows:

lim
k→∞

‖ek(n)‖λ ≤ ‖C‖Γ(Δt)
1 − Ξ

−(λ−1)N
1

Ξλ
1 − Ξ1

Ξ3

1 − ρ2
+ βv

+ ‖C‖
[
ΞN

1 βδx0 +
ΞN

1 − 1
Ξ1 − 1

Γ(Δt) (βũ + βw/βL)

]

(26)
where 0 < ρ2 < 1; Ξ1 = eβLΔt; and

Ξ3 = Kf‖C‖βLΔt [βũ + (βũ + βw/βL) Γ(Δt)]

+ [Kf‖C‖βLΞ1Δt+Kf‖C‖+Kc‖C‖]

×
[
(βũ + βw/βL) Γ(Δt)

ΞN
1 − 1
Ξ1 − 1

+ ΞN
1 βδx0

]

+Kf‖C‖Δtβw + (Kf +Kc)βv + βΔud
. (27)

An immediate result is that the convergence mainly depends on
the learning parameters Kf and Kc, time interval Δt, initial
state error βδx0 , and disturbance and noise. �

C. Iterative Learning Mode Reversal

The proposed CF-type ILC control law is used to solve the
dead zone problem of mode reversal. The principle is as follows:

1) Model Uncertainties Robustness: The time-domain
open-loop control signal learned from repetitive mode reversal
is highly robust to model uncertainties to fix the coupling
and nonlinearity problems. Specifically, iterative learning
compensates the repetitive coupling wk,r(t) and nonlinearity
f(·) in the CVG system (8) in advance through the closed
loop in the iteration domain, so as to solve the lag problem
of feedback control in transient tracking. By introducing the
feedback of the future time and the current time of the previous
error, i.e., ek−1((n+ 1)Δt) and ek−1(nΔt), a feedforward
control instruction can be formed to complete the noncausal and
causal control, respectively, thereby optimizing the repeated
coupling and nonlinearity shown in Figs. 2 and 3. By fixing the
problem of model-less switching dead zone, the reversal speed
can be improved in principle.

2) Time-Varying Robustness: For the problems in Fig. 4(a),
since the two frequencies are close, there is no large transient

during the switching dead zone. A PI-based PLL feedback con-
troller can be designed to meet the requirements. The problems
illustrated in 4(b) can be solved by iterative learning, because
the change of the gyro parameters is relatively slow. That is,
even though the initial error ‖xd,k(0)− xk(0)‖ varies in the
iteration domain, it is still bound by βδx0 in the convergence with
reasonable disturbances and noises. By designing the reversal
period T that is sufficiently small relative to gyro time-varying,
the ILC law can track parameters change in f(·) in time. In this
way, the learned control input completes the closed-loop in the
iteration domain, so as to compensate the time-varying error.

3) Parameter Tuning Guideline: Parameter adjustment needs
to follow conditions C1 and C2 to ensure convergence and
robustness. The tentative tuning guide is widely recommended
in iterative learning [26]. Due to the conditions, low enough Kf

and Kc are set and run for a sufficient number of iterations.
After obtaining stable transient behavior and error performance,
appropriate parameters are added to speed up the convergence,
but too large parameters may quickly deteriorate transiently
as implied in (7). Therefore, the tuning parameters need to be
adjusted according to the actual learning results, and the gyro
response must be closely monitored in the iterative process to
ensure that it can eventually converge. As for the sampling period
Δt, the proposed method has the ability to deal with the sampling
period dimension problem of practical digital gyro processors,
and different Δt and Kf in (6) jointly affect the learning effect
of noncausal control. A rule of thumb, i.e., 0 < Δt ≤ 1/100 tst
is recommended to satisfy C2, where tst is the desired settling
time. We choose Δt =1 ms for the tested MEMS mode reversal
gyro. Besides, the reversal period T only needs to be set to the
second level to track the time-varying parameters in time because
the gyro parameters are slowly changing as shown in Fig. 4(b).

4) Learning Starting Points: In order to speed up the conver-
gence process, the 0th iteration with traditional feedback control
is adopted. Compared with directly using iterative learning for
the 0th process, this scheme can equivalently reduce the initial
error of the control input and state, i.e., βΔud

and βδx0 , thereby
accelerating the convergence. This approach can be vividly
understood as improving the starting points of iterative learning.

V. EXPERIMENTAL VALIDATION

A. Preliminary Results of Iterative Learning Controller

We developed a prototype equipped with the proposed iter-
ative learning scheme to perform mode reversal operations on
the gyro. Following the turning procedure, the ring up and down
learning processes are demonstrated as illustrated in Fig. 5(a)
and (b), respectively. From the perspective of the iteration do-
main, the response and the control input of the first iteration
are completed by PI, that is used to guide subsequent iterative
learning. Until the 60th and 80th iterations, the settling time and
stability have been substantially improved.

The signal ||ek|| is small at the beginning, resulting from the
PI used in the first iteration. In the subsequent learning process,
the error slowly rises, and the response amplitude and control
input fluctuate accordingly. After reaching the peak, the error
has been declining continuously, achieving a better learning
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Fig. 5. (a) Iterative learning process results of the ring up function. (b) Iterative learning process results of the ring down function. (c) Fair
comparison results of the three methods for the two modes.

effect. Compared with Fig. 5(b), the ||ek|| in Fig. 5(a) has
larger chattering and amplitude, which may be due to the strong
learning parameters, thereby shortening the convergence time
of the learning process.

In the case of a 1.65 V polarization dc voltage with a set point
of 100 mv, the settling time reaches the level of 150 ms, which
is the state-of-the-art result [17]–[19], [27].

B. Comprehensive Evaluation Setup

In order to further verify the improvement and effectiveness
of the proposed scheme, long-term operation tests with com-
parisons of other controllers were designed and performed. The
long-term operation of the control algorithm should be evaluated
because of the time-varying characteristics and environmental
sensitivity. We conducted a 5-h mode reversal operation test on
the three algorithms to simulate actual application scenarios.
Ten minutes after the system power-ON, the gyro enters the
working state, and the response amplitudes of the two modes
were recorded. Thereafter, the data every 30 min were collected
accordingly, and their settling time was determined from this.

The popular PID algorithm and the active disturbance rejec-
tion control (ADRC) algorithm are operated on the mode rever-
sal gyro for comparison. The three control algorithms all face
the problem of parameter tuning, which involves the tradeoff of
the scheme. The parameter tuning procedures are given below
to conduct a fair comparison.

1) As a classic controller, PID is common in gyro mea-
surement and control systems [28]. We use the common
Ziegler–Nichols method to tune the parameters of the
control loops of the two vibration modes in the mode
reversal gyro.

a) Set KP = 0, KI = 0 and KD = 0, then increase KP

gradually until the response amplitude begins to oscillate.
Record the current KP as KU and the oscillation period
as TU .

b) Let KP = 0.6KU , KI = 2KP /TU and KD = KPTU/8
be the operation values of the PID controller.

2) ADRC is evolved from PID algorithm, which adopts the
core concept of PID error feedback control. It has been
proved to be an effective solution in system control and

disturbance/uncertainty estimation [29], [30]. The ESO
(extended state observer) has an extended state to track
the combination of unknown parts of internal dynamics
and unknown external disturbances, i.e., generalized dis-
turbances d. It is composed of three outputs z1, z2, z3

and three observer parameters β1, β2, β3. Each can be
expressed as⎧⎪⎨

⎪⎩
ż1 = z2 + β1 (yk − z1)

ż2 = z3 + β2 (yk − z1) +Bu

ż3 = β3 (yk − z1) .

(28)

When the parameters are well tuned, the three observer
parameters track yk, ẏk, and d, respectively. Terms ofKP ,
KD, and B represent the controller parameters, and the
control law is written as

u0 = KP (ysp − z1)−KDz2

u = (u0 − z3) /B (29)

where ysp is the set point of the response output. B needs
to be selected to weigh the stability and response speed
of the closed-loop system. We use the parameter tuning
method proposed by Gao [29] to conduct experiments.

a) Get the desired settling time tst.
b) Let ωc = 10/tst, KP = ω2

c and KD = 2ωc.
c) Let ωo = 4ωc, β1 = 3ωo, β2 = 3ω2

o and β3 = ω3
o.

d) Increase B gradually until the dynamic performance is
satisfactory.

On the one hand, the aggressive electrostatic driving force
brings strong transient growth performance, that is necessary
for fast mode reversal gyro. On the other hand, excessive control
input affects the instability of the control system and amplifies
steady-state noise. We focus on the improvement of settling time
without giving up the signal-to-noise ratio (SNR). Considering
this, the steady-state performance of the three control algorithms
is adjusted to be consistent to reflect the fairness of comparison,
which is characterized by approximately equal noise swings of
about 0.2 mv.

For a CVG system, excessive amplitude of the drive signal
will undoubtedly cause the failure of the gyro excitation ca-
pacitor plate. According to the frequency sweeping results in
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Fig. 6. Long-term test of the PID algorithm. (a) X mode results. (b) Y mode results. (c) Settling time change results.

Fig. 7. Long-term test of the ADRC algorithm. (a) X mode results. (b) Y mode results. (c) Settling time change results.

Fig. 8. Long-term test of the ILC algorithm. (a) X mode results. (b) Y mode results. (c) Settling time change results.

Fig. 2, the control input u of all three algorithms are limited
to 300 and -250 mv for the ring up and ring down functions,
respectively.

C. Comparative Analysis

The results of the three approaches after running for five hours
are shown in Fig. 5(c). A noticeable feature is that ILC is superior
to PID and ADRC in terms of settling time for both x mode and y
mode. Hence, ILC is obviously more suitable for mode reversal
gyros due to its rapidity. In detail, the response amplitudes for

every hour and the settling time for every 30 min of the three
algorithms are recorded in Figs. 6–8.

1) Parameter Tuning Complexity: ILC takes the longest time
to tune the parameters because it needs a learning process, while
the PID tuning is the simplest.

Each control method faces the steps of parameter tuning, and
the overly complicated process will inevitably limit the promo-
tion of the algorithm in practical applications. It is undeniable
that the ILC tuning process is the longest, because each set of
parameters requires a certain amount of learning time, especially
conservative strategies. In contrast, the ADRC parameter tuning
method is relatively easy, only needs to adjust the control input

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: Hong Kong University of Science and Technology. Downloaded on August 04,2022 at 01:50:32 UTC from IEEE Xplore.  Restrictions apply. 



10 IEEE/ASME TRANSACTIONS ON MECHATRONICS

parameter, observer bandwidth and controller bandwidth. For
complex scenes, it may be necessary to adjust the observer
gain and PD controller gain separately. PID tuning is relatively
simplest and straightforward, which is one of the reasons for its
popularity.

Although ILC has a complicated parameter tuning process, its
learning data are collected by the memory and can be retrieved
the next time it is used. In addition, the learning process of ILC
can be turned ON or OFF in real time depending on the ||ek||. That
is, it can realize online learning according to factors such as the
slow change of the environment-induced error. The controller
parameters of the other two methods are kept constant during
long-term operation, and cannot be optimized accordingly with
time-varying factors. Theoretically, they cannot deal with the
change of the time-varying terms in the gyro.

2) Overshoot: The ILC overshoot is the smallest implying
the best transient growth.

All three algorithms can provide decent transient overshoot
due to relatively aggressive parameter tuning schemes. PID and
ADRC quickly enter a steady state after experiencing a certain
overshoot, but ILC has no obvious overshoot in the results of
several hours, and the steady-state noise of the three algorithms
meets the tuning expectations at the 0.2 mv level.

According to Fig. 6(a) and (b), the results show that the PID
overshoot varies between 6 and 9%, indicating poor stability. The
response amplitude of the ADRC also appears obvious overshoot
as illustrated in Fig. 7(a) and (b). Fortunately, its over amplitude
is controlled at around 7 to 8% that is directly related to the
robustness provided by ESO. The overshoot of the ILC is usually
kept within 1%, and occasionally exceeds 2%, demonstrating a
good transient performance.

3) Settling Time: ILC demonstrates the shortest settling time
and therefore best fits the goal of fast mode reversal.

As the core indicator of mode switching, the settling time
needs to be comprehensively investigated. The results are
recorded at 30-min intervals that are shown in Figs. 6(c), 7(c),
and 8(c). In 5 h, their settling time fluctuated within a certain
reasonable range. The results of PID are slightly better than that
of ADRC, which may be caused by poor tuning parameters.
Moreover, it also illustrates the complexity of ADRC tuning.
For the stability of long-term operation, ADRC has the smallest
swing, indicating the most stable. The transient response of ILC
is the best, and the fastest settling time reaches the 150 ms level.

4) Statistical Indication: ILC demonstrates a comprehensive
improvement in the two key indicators of settling time and
overshoot for the mode reversal.

In order to intuitively reflect the performance of the three
controllers, the results for every 30 min within 5 h are aver-
aged as shown in Table I. In terms of overshoot performance,
ADRC is significantly better than PI. This is because ESO
makes reasonable observations of the unknown part of the model
and external disturbances, and realizes quick feedback in the
control input u. As expected, owing to the periodic iterative
learning optimization, ILC limits the average overshoot to less
than 1 mv. Compared with ADRC, the performance can be

TABLE I
INDICATORS FOR LONG-TERM TESTING

improved by up to 89%, and PID can be improved by more
than 90%.

As for settling time, the average value of the x mode ring up
operation under the ILC algorithm reached 160 ms, demonstrat-
ing the fastest settling time. The proposed ILC uses historical
operation data to compensate for this iteration with causal and
noncausal control, and theoretically can achieve the most ex-
treme ring up response. From the results, compared with the
other two methods, the settling time of ILC can be increased
by up to 59.2%. The reversal speed can be improved by up
to 145%.

5) Discussions: In terms of performance in all aspects, ILC
performs best in the fast mode reverse gyro. These results and
reasons of the three controllers can be explained as follows:

First of all, PID treats CVG as a black box system, only con-
sidering the relationship between input and output, and cannot
do anything about the potential problems. When the gyro is
initialized, reason performance can be achieved by fine tuning
the controller parameters. In the long-term operation, however,
the reliability of PID fluctuates most obviously. This is because
the plant parameters vary over time, and the effect of the initial
controller parameters is getting worse.

Second, ADRC regards the gyro as a cascade integral plant,
the nonlinear term caused by excessive electrostatic force can be
observed by ESO as model uncertainty, and the vibration mode
coupling and time-varying issues can be observed as external
disturbances. At the beginning of the experiment, parameters
such as the controller bandwidth and observer bandwidth are
appropriately specified, and the long-term performance of the
ADRC can be guaranteed to a certain extent.

Finally, ILC constantly updated with the mode reversal oper-
ation. As long as the conditions are satisfied, iterative learning
can eventually converge. Compared to the two time-domain
feedback algorithms, the proposed ILC scheme can provide
noncausal control to cope with coupling and nonlinearity with
model uncertainties through well tuned Δt and Kf . In this way,
the problems can be corrected in advance to speed up the gyro
mode switching. In practical gyro applications, time-varying
factors such as environmental changes are slow. By continuous
iterative learning, ILC can cope with the challenges of gyro
parameters change through low enough T in the long-term
operation process.
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VI. CONCLUSION

In this article, an ultrafast switching control scheme is pro-
posed and demonstrated for the CVGs to overcome the inherent
limitations of mode reversal operation. A detailed investigation
and description of the dynamics modeling and the working prin-
ciple of the mode reversal gyro are presented at first. Theoretical
analysis and experimental verification on the strong nonlinearity,
mode coupling, and time-varying characteristics involved in
mode reversal are conducted. A prototype control system is
developed and fully verified with the proposed ILC law that
demonstrated the state-of-the-art result that reached the level
of 150 ms. Through the comparison of the 5-h measurement
experiment, ILC has a remarkable advantage over the other
two popular control algorithms in the mode reversal gyro. The
results exhibit up to 145% improvement in reversal speed and
90% reduction in overshoot when compared to either PID or
ADRC. It is believed that high-end navigation applications can
benefit from the improved performance brought by applying the
proposed advanced control technique to CVGs.
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