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A IMU Pre-integration

Similar to [1] and [2], the raw IMU inputs âk and ω̂k can be converted into
pre-integration measurements as follows,
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The body motion between the timestamps i and the j lidar sweeps can be
represented via pre-integration measurements in Eq. (A.3), where the small
angle approximation [3] is applied in Eq. (A.2).
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where ∆pij , ∆vij and ∆qij are the pre-integration measurements of the po-

sition, velocity and orientation, and J
∆(·)
bgi

and J
∆(·)
bai

are the Jacobians of the

pre-integration measurements w.r.t to the IMU biases. When the correction
of the bias δb(·) is slight, the pre-integration measurements can be updated
efficiently using Eq. (A.3). ∆θij is the error state of the pre-integration
quaternion. We denote the pre-integration measurement between i and j as
zij = {∆pij ,∆vij ,∆qij}. With the continuous-time linearized propagation of
the error states and the IMU noise parameters, we can estimate the covariances
CBi
Bj

of the pre-integration measurements and biases.
The IMU pre-integration measurements are unrelated to the positions, ve-

locities and orientations of the IMU, and are only related to the raw IMU inputs
and biases. When the biases change slightly, the measurements can be efficiently
updated by Equation (A.3).

B Covariance of the Pre-integration Measure-
ment

The covariance of the IMU states can be discretized from the continuous-time
error-state model[3]. Similarly, the pre-integration measurement of the IMU can
be written in such a way [1]. The noises from the raw IMU inputs are modeled
as Gaussian white noises:
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g). (B.4)

And the corresponding biases are modeled as a random walk:
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bg )
. (B.5)

Adopting the above assumptions, together with the small angle approximation,
Equation (A.2), the error-state model of the pre-integration measurement can
be written as
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δḃgt

 =


0 I 0 0 0
0 0 −Ri

tbât − batc× −Ri
t 0

0 0 −bω̂t − bgtc× 0 −I
0
0



δ∆pit
δ∆vit
δ∆θit
δbat
δbgt



+


0 0 0 0
−Ri

t 0 0 0
0 −I 0 0
0 0 I 0
0 0 0 I




nat
ngt
nbat
nbgt

 = Ftδzit + Gtnt

, (B.6)

2



where b·c× stands for the skew-symmetric matrix. i denotes the timestamp of
the last IMU state and t ∈ [i, j] denotes the continuous timestamp with i and
j. The pre-integration items in the equation are continuously integrated, as
introduced in [1].

Then, we can use the first-order update recursively to get the covariance of
the pre-integration error state CBi

Bj
and its Jacobian w.r.t the error states Jij ,
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where δt is the time interval between time-consecutive raw IMU inputs, Q is
diag(σ2

a,σ
2
g ,σ

2
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,σ2

bg
), and CBi

Bt
and Ji,t are the corresponding covariance and

Jacobian at timestap t ∈ [i, j]. The final Ji,j includes the J
∆(·)
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Equation (A.3).

C IMU Residual
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where ∆t = ∆tββ+1, ∆p = ∆pββ+1, ∆v = ∆vββ+1 and ∆q = ∆qββ+1 for
clarity, and [·]xyz stands for the vector part of a quaternion.

D Marginalization

According to the local window, some of the states will be marginalized out
after the whole optimization. We denote the marginalized states as Xm, the
remaining states related to Xm as Xr and the irrelevant states as Xn. Since the
marginalization will not influence Xm, in the following, the states we mention
will contain Xm and Xr only.

For the cost function in Equation (6), the Gaussian-Newton algorithm will
utilize the form HδX = −b, where H =

∑
JTC−1J and b =

∑
JTC−1r consist

of r, the residuals of the cost; J, Jacobians of the residual w.r.t the states; and
C, the covariance matrices of the states. Here, δX is the error state we will
actually estimate in the optimization, with which we can have the update as
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X̃ = X � δX. � denotes the small angle update for the quaternion, Equation
(A.2), and the addition for other states in X. H and b are from the sum
of all terms in Equation (6). The superscripts and subscripts are omitted for
simplicity.

Using block matrices, we can have[
Hmm Hmr

Hrm Hrr

] [
δXm

δXr

]
= −
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]
. (D.9)

With the Schur complement, the remaining parts will be

HP = H∗rr = Hrr −HrmH−1
mmHmr

bP0 = b∗r = br −HrmH−1
mmbm

. (D.10)

We denote X̆r as the remaining states when marginalization takes place. In
the next optimization, the new estimation of the remaining states will be in the
form of X̃r = X̆r � δXr. It will return the new bP = b∗r as

bP = b∗r = bP0 −HPδXr, (D.11)

where bP0 is fixed when the marginalization takes place. This coincides with
the “first-estimate Jacobians” [4, 5], which are applied to maintain the consis-
tency of the estimation. With HP and bP provided, the error item from the
marginalization can be written as ‖rP(X)‖2 = bTPH+

PbP .

E Derivative of the Rotation-constrained Map-
ping

We formulate the rotation-constrained mapping by considering δq̄z, an orienta-
tion correction on the z-axis only, first.

q̃WL = δq̄z ⊗ q̆WL = q̆WL ⊗ δqWL
δqWL = (q̆WL )∗ ⊗ δq̄z ⊗ q̆WL

. (E.12)

The quaternion δq describing a small rotation can be converted to the corre-
sponding rotation matrix R(δq) as

R(δq) = R(δθ) ≈ I3×3 + bδθc×, (E.13)

where small angle approximation (A.2) is applied. Substituting (E.12) and E.13
into the cost function in (7), the Jacobian w.r.t. the last estimated rotation can
be derived in detail as follows:

JC
θ δθ

W
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L bδθWL c×x, (E.14)
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L
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L

, (E.15)
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With the ideal lidar-IMU odometry, the δθz with 3-axes orientation is the same
as δθ̄z:

δθ̄z = Ω̆z · δθz =

0 0 0
0 0 0
0 0 1

 · δθz = δ

 0
0
θz

 . (E.17)

However, noise cannot be eliminated. Thus, to allow small perturbations on the
other two axes, the matrix Ω̆z is modified to

Ω̆z =

εx 0 0
0 εy 0
0 0 1

, (E.18)

as an approximation of the information matrix of the orientation of the lidar
w.r.t FW .

Substituting (E.17) and (E.18) into (E.16), the final Jacobian for the rota-
tional components becomes

JC
θz = JC

θ · (R̆W
L )T · Ω̆z. (E.19)

Then applying JC
θz

, instead of JC
θ , in the optimization, we can obtain the op-

timized δθz. After each iteration, the δθz, with its corresponding δqz, can be
used to update q̃WL by (E.12) as

q̃WL = q̆WL ⊗ (q̆WL )∗ ⊗ δqz ⊗ q̆WL

=

[
1
2δθz

1

]
⊗ q̆WL

. (E.20)
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